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ERRATA

Fourth equation: Change uy and py to u, and p,.

Third equation from the bottom: Insert an integral sign | in
front of &; dv.

A — Replace the statement: ‘‘which may be rewritten as...” with
“subject to

(1+y)E=€cE=D

which may be rewritten as
1-y)b=FE”

B — Third equation from the bottom: The subscript of f in the
last exponent is L rather than H.

Top line should read:

- E BH . DHeiwot—l21TBH°r ,

Fourth equation: The first term on the right should read

11,
_2)\07‘B.

Last equation: Replace “sinh2 0 = ...” with “2 sinh2 6 = ...”

Last equation: Correct the term “1 -*3,1—2” to l/ 1- -&17

A — Top equation: Correct the last term to 1 -4/1 - y~2

B — Second equation: The upper limit of the first integral on
the right is -1 rather than co.

Koto

Last part of last equation should read £ .

Second equation should read

- e x)2 _ el2x 4 o-2x _ 9
4 - 4

X
sinh? x = &
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PREFACE

One aim of the X-Ray Optics Branch during the past years has been an
understanding of the diffraction properties of crystals and their characteriza-
tion on the basis of defect structure. For this purpose, my coworkers and I
have carried out both experimental and theoretical investigations in diffrac-
tion and have compared our results with the mathematical and physical
models that have been available in the works of various authors.

A reference we have believed to be a source of many subtle ideas in the
diffraction field is Zachariasen’s 1945 book, Theory of X-Ray Diffraction in
Crystals. However, Zachariasen’s presentation of the mathematical informa-
tion is in general too brief. Thus, in contrast to his verbal description of the
physical process, which is often quite lucid, many of his significant derivations
have a striking absence of intermediate steps. Although no reader would like
to see all the detail, we believe that the more difficult steps should be accom-
panied by at least a few comments that would indicate the point at which
underlying mathematical approximations have been introduced.

The present set of notes on Chapter III (“Theory of X-Ray Diffraction
in Ideal Crystals’) of Zachariasen’s book is intended to partially remove this
deficiency of explanatory comments. Initially, comments were written both
for Chapter III and that part of Chapter IV which precedes the section on
“Heat Motion.” Prior to their introduction as an NRL Report, however, the
notes had to be modified somewhat. First, to make them useful to readers
with diverse levels of mathematical background, considerable effort was made
to give explanations and derivations of formulas in as elementary a fashion
as possible. (For example the notes begin with simple illustrations of the
periodic functions.) This has not always been practical, of course, and
several concepts will nevertheless remain difficult. The emphasis has been
on those numerous derivations which require special mathematical tools and
clever steps in reasoning and approximation.

Second, as a compromise in the amount of material presented, Chapter
IIT alone was prepared for this NRL Report. In fact, Chapter IV is much
easier to understand once the concepts of Chapter III are clarified. These
notes are only a supplement to the original chapter and are not an entity in
themselves; a completely rewritten chapter would probably have tripled the
size of this work,

With the publication of this report it is hoped that at least some of the
time taken by the serious student of diffraction theory would be better spent
in thinking about new solutions to old problems (such as the concept of
“mosaic block”), which at the same time realizing the economy and pro-
fundity of Zachariasen’s thoughts, which have become an inseparable part
of his style throughout the years.

M. Fatemi
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ABSTRACT

W. H. Zachariasen’s well-known 1945 book “Theory of X-Ray
Diffraction in Crystals” contains many significant and original
ideas pertaining to diffraction theory. However, the discussions and
mathematical derivations therein lack the necessary detail which could
make the text useful to readers of diverse mathematical background.
The purpose of these notes is to provide additional comments and
intermediate derivational steps for Chapter III of this book, ‘“Theory
of X-Ray Diffraction in Ideal Crystals,” whose content has often been
referenced in the published literature.

PROBLEM STATUS

This is an interim report on the NRL Problem.

AUTHORIZATION
NRL Problem P04-04

Manuscript submitted January 29, 1973
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EXPLANATORY NOTES ON W. H. ZACHARIASEN’S
“THEORY OF X-RAY DIFFRACTION IN IDEAL CRYSTALS”

INTRODUCTION

The study of x-ray diffraction in crystals ultimately leads to the measurement of a
few basic parameters which, in a general sense, reflect the quality of the crystals when
used in applied problems such as spectral analysis of radiation sources, analysis of com-
pounds, radiation damage, and growth and defect structure of materials. Among these
parameters are the following:

®  The efficiency with which x rays of a particular energy (or wavelength) are dif-
fracted from a crystal.

®  The sharpness of diffraction peaks, that is, the resolution with which reflections
from a crystal may be distinguished.

The instrument capable of such measurements is the double-crystal spectrometer.
Here characteristic x rays of wavelength A are reflected by the first crystal (monochrom-
ator) according to Bragg’s law A = 2d sin 6, where d is the interplanar spacing of the dif-
fracting planes, and 0 is the Bragg angle. The reflected x rays then arrive onto the second
crystal, which is to be analyzed for its own perfection or to be used in the analysis of
radiation incident upon its surface.

To investigate the diffraction characteristics of a crystal in a double-crystal spectrom-
eter, the monochromator is fixed and the second crystal is rotated—or rocked—in the
vicinity of the Bragg angle. The response of the crystal to the incident x-ray photons,
shown by a plot of intensity versus angle, is called its rocking curve.

The peak of the rocking curve, which occurs at (or very near) the Bragg angle, is a
significant parameter. The ratio of the peak intensity to the incident intensity is a dimen-
sionless quantity called the peak diffraction efficiency. The angular width of the rocking
curve, which is a measure of the sharpness of diffraction, is influenced by several geomet-
rical factors (slit size, etc.) as well as by the perfection of both crystals. In scientific com-
munications either the full width at half maximum (FWHM) or the half breadth at half
maximum (HBHM) are quoted. The area under the rocking curve (which accounts for the
total number of photons diffracted) divided by the number of incident photons is known
as the integrated reflection coefficient (R value) and is expressed in units of radians.

Note: The title of this report refers to Chapter ITI of the book Theory of X-Ray Diffraction in Crystals, New
York, Wiley, 1945,
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2 MOHAMMAD FATEMI

The point of this introduction is to emphasize the ultimate purpcse of all the deriva-
tions and explanations both here and in Zachariasen’s book. These should be regarded as
a means toward an experimental end: in the final analysis, any diffraction theory should
be tested by a physical instrument, such as the double-crystal spectrometer. This is why
such a discussion appears at the end of Zachariasen’s Chapter III,

Much can be learned from any theoretical exercise, but the final value of a good
theory is not only to explain experimental results but to do it on a physically sound basis
and with such vigor as to enable the experimenter to apply it in further predictions.
DERIVATIONS AND EXPLANATIONS

The derivations and explanations presented here will begin with the starting pages of

Chapter III and be keyed by subheadings to pages or equation numbers in the sequence
of appearance in the chapter.

Page 83: Concept of a Periodic Function

A typical one-dimensional periodic function is the sine function. If the periodicity
is shown by the vector a, an arbitrary periodic function may appear as in Fig. 1.

The vector a defines a specific orientation in space. Since any solid is three-dimen-
sional, it is in general necessary to specify three directions for any periodic lattice function.

Page 83: Wave Vector k or kg

The wave vector k or kg is defined differently by various authors. In quantum me-
chanics the more usual notation is kg = 27/, whereas others prefer & = 1/\ without the
factor 2w.

-

[«
+
o

Fig. 1—An arbitrary periodic function ¥(x)
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Page 84 (and Chapter I)

A clear explanation of reciprocal lattice concepts, together with a discussion on the
equivalence of Bragg’s law and Laue diffraction conditions, is given by Azaroff [1].

Figure 3.2

Figure 3.2 is a diagram drawn in the reciprocal lattice space. In this space, linear
dimensions have units inverse to the “real” crystal lattice space. The ‘‘reality’ of the
reciprocal space, however, becomes apparent upon studying the origins of the stereographic
projection.

Pages 87 and 88

Four general or three “practical” experimental methods are described. Today, how-
ever, the fourth method (continuous variation of A together with the direction of incidence)
has found a significant place in diffraction studies: The curved-crystal spectrometer de-
scribed by Birks [2] has been used as an invaluable tool in spectral analysis of pulsed
x-rays (flash x-ray tubes, laser-induced x rays, etc.).

Page 89

In sections 3 through 7 intensity expressions are derived on the basis of kinematical
theory, for the case of a single electron, a single atom (aggregate of electrons), a unit cell
(basic array of atoms), and a “‘small” crystallite. The dynamical theory is then treated in
sections 8 through 12.

Page 90: Basic Assumptions of Thomson Scattering

The first assumption of Thomson scattering is that the restoring force on the electron
is negligible. Therefore, the force due to the electric field, eE, is the net force and accel- .
erates the electron according to Newton’s second law. The second assumption is that the
natural frequency of the electron is small compared to the frequency of x rays. Thus no
resonance will occur between the electron and the electromagnetic field. This means that
the electron scattering intensity will be an expression independent of x-ray frequencies.
On the basis of these assumptions, equation 3.7 follows from the simple second-order dif-
ferential equation

d2x

iwot —
e mdtz .

—eEo

Equation 3.8 is a “definition” from elementary electricity and magnetism theory. Equa-
tion 3.9 also defines the coefficient of Ej in Equation 3.8.

A3TITSSYTIOND
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Page 90: Dipole Radiation, Equation 3.10

The following texts give more explicit forms for dipole radiation by writing out vari-
ous components : Becker and Sauter [3], Pugh and Pugh [4], and Panofsky and Phillips
(1962) [5]. The vectorial form given by equation 3.10 will be used in the following deri-
vation.,

Derivation of Equation 3.11

The vector u is the unit vector in the direction of scattering (or observation), and
P, is the electric dipole moment. The vector u X p, appearing in equation 3.10 is a vec-
tor normal to u and p,. Its magnitude is

lullp, | sin Z(u,p,) = lullp,!siny = Ip,]|sin ¢,
and its direction is determined by the right-handed screw rule. Now

eintEe — (u X pe) X ueiwot-—i277k‘R,

E, = (uXp,)Xue 2R

E2 = |E,12 = E, * E¥ = [(uXp,)Xu]"*[(uXp,)Xu].

e

-2mik* R . Again,

Note that taking complex conjugate removes e
[(uXp,)Xu] Lu and L(uXp,) = [(uXp,)Xul | p,.
Now

(X pe) X ul = |u X pgllul sin L[(u X p,),u] = [uX p,| * lul

because u L u X p, and sin L{(u X p,), u] = 1. Thus

e2
l(u X p,) Xul2 = pZsin2p= E2 (———2> sin .

Since

then equation 3.11 follows.

Page 91: Derivation of Equation 3.12

The sentence introducing equation 3.12 states that the equation is obvious. However,
even though equation 3.12 may be justified by visual observation, it is not at all obvious.
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Sin ¢ is defined in the relation
lug X pel = lugllpelsing = Ip,|sin g,

or

and

. lu X pelluXp,l — (UXp)* (uXp,)
sin2 ¢ = 3 = 5
P, | , Ip, |

Now define z“, j: £ as the set of unit vectors along the X, Y, Z directions. We have
uXp = (uyi+ugk) X (ogi+pok),

which becomes, sincefX f=—l€,f><l$=f,l§ X i=f,andl§ X k=0,

uXxXp= —uypre + uypzf t UpDyj
with
uy, = |ulcos20 = cos 26, u, = sin 20,
Py = Iplsin ¢, p; = Iplcos y.
Then

(uXp): (UuXp)
p|2

]

cos? 20 sin2 Y + cos? 20 cos? Y + sin2 20 sin2

cos2 260 + sin2 20 sin2

1 - sinZ 20 + sin2 20 sin2

1 - sin2 20(1 - sin2 )

1 - sin2 26 cos2

Page 91: Scattering by an Atom

Under the assumption of a small restoring force and no interaction between electrons,
equation 3.13 should be corrected to

AITITSSYIONN
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e . .
iwgt-i2nkger;
Xj = oo Eoe 0 J.
0
Now define the dipole moment as
x. = - E.iwot-i2nko*rj
—eX; = -——5 ko€
mwg
= pj eint_

In other words p; contains only the spatial part of the dipole. With this definition

e2

p; = - Ege 270N,
J mwg
Equation 3.8 previously defined p, as
e2
P = -Ep 2
mwg
so that
P = pee—i27rk0'l’j.

This means, physically speaking, that the dipole moment of the jth electron in the atom
- is equal to the dipole moment of Thomson electron weighted by a phase factor depending
on the spatial coordinates of the electron.

Equations 3.15 and 3.16

In equation 3.15, E,; is the amplitude of the electric field observed at the point R.
However Rj appears in the exponent, because of the effective E at point R is the sum of vari-
ous electronic contributions of index j (Fig. 2). The jth contribution to the amplitude has
the form

2 2
w _: R w s e i .o.
(uj X pj) X ujcz—;e i2rk;* Ry _ (uj X p,) X ujﬁe i2nko e iank RJ,

J

where we replaced k; by k, although we did not substitute R for R; (except in the denom-
inator of wo/csz). Then the exponential part looks like

e—izﬂko'rje—iznk-(ﬂ-rj) - ezni(k—ko)-rje—iZWk-R’

and the total sum goes over to

5
Z : —ionk*R 90 omi(k-kg)-r;

(qupe)Xujel % e i( 0) J.
J
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R

_—

Fig. 2—Vectors from the nucleus of an atom and
its jth electron

Looking at the similarity between this and equation 3.10, we can write equation 3.16:

Eat. = EeZ e, s = 2m(k - ko).
J

This means that the amplitude E,; at the observation point R is the same as that of an
electron in an electric field, multiplied by a phase factor e!$"" which is summed over all
electrons in the atom.

The “interference effects” referred to at the end of page 92 may be observed not
only for coherent beams from regular arrays, arising from crystal structure, but also from
instantaneously incoherent beams. The only difference is that in the former these effects
remain detectable through time but in the latter they disappear within a time comparable
to the inverse frequency of the interacting photons. We are here concermned with only
those effects that show up after time averaging, namely, structure-dependent, steady-state
effects.

Page 93: Classical Assumption of Independent Probabilities

The classical assumption of independent distribution functions o; obviously would not

J
hold in the quantum-mechanical treatment of the problem, because the Pauli exclusion

principle would impose an additional constraint on the electronic wave functions or asso-
ciated probabilities.

Page 93: Coherent Scattering

The incoherent scattering is obtained only after the coherent scattering and total
scattering are written down:

I(inc.) = I(tot.) - I(coh.).

To obtain the coherent scattering, first the instantaneous amplitudes of equation 3.16 are
averaged, whereas to obtain the total scattering the instantaneous intensity expression is
averaged.

The mean amplitude in equation 3.17 is obtained by summing the amplitudes of vari-
ous electrons, each one of which contributes to the sum in the form of equation 3.18.
Note that averaging the quantity is the same as integrating the probability (o;) over the en-
tire volume. The phase factor e!$*% has to be included for each term.

AITITSSYIIND




8 MOHAMMAD FATEMI
Equation 3.20

The second equality in equation 3.20 results from the fact that for i = j the value of
the double integral equals 1. There are Z terms in this integral (for the Z electrons with i
=j. Only the terms with i # j need by calculated. Note that since

% Efojewrf dv,

then

Derivation of Equation 3.21

In the derivation of equation 3.21 we must show that

Ty o] -y

jFR
We can write

2
= (P +po+ @)1 H s+t o))

).

J

Q101 * Y195t t o0

= 10112 + 0105 + @g0] o lppl? e gl
= E E oion + E loj12.
i#h j

Therefore

2

o

i

= - ? |50j|2-

i

DR

J#k
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Page 93: Sentence Following Equation 3.21

Aside from a factor of ¢/8w the total intensity is the average of the squared ampli-
tudes (mean square amplitude). The coherent scattering is the squared mean amplitude
(as we noted under “Page 93: Coherent Scattering”).

Page 94: Definition of Atomic Scattering Power

From equation 3.17 the definition of fO on page 94 gives

E.1) .
0 = atomic amplitude j _ Z
electronic amplitude |E,| b

This expression is good only for high-frequency x rays.

Equation 3.23

The element of volume in spherical symmetry is 4nr2 dr. When p(r) (probability per
unit volume) is given, the number of electrons between r and r + dr becomes

p(rydar2 dr = U(r) dr,

where
U(ry = 4mr2p(r)
and thus
_ U
pr) = 4mr2 -’

Page 95: The Atomic Scattering Power

Unlike section 3, in section 4 two other forces are now added to the equation of mo-
tion: the centripetal force and a velocity-dependent force. Both have minus signs, and
they tend to decrease the effect of the applied force

e . _: o
_= Eoelwot i2nkq i3
m

GITITSSYTIIND
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Again, we must solve the ordinary second-order differential equation 3.27 and obtain equa-
tion 38.28. Thus equation 3.29 is the revised expression for atomic scattering power for
lower energy x rays.

Page 96

Equation 3.31 is written in a purely formal manner. It implies that the scattering
power f contains an imaginary part due to the radiation damping, and a real part which
may be split between 0 (high-frequency limit) and the binding-force term mwjng. Equa-
tion 3.31 can also be written as

=10+ Zsoj(é,- +in;) = Z @i(1+§& +iny).

J J

Section 5: First Paragraph

The vector a; is the lattice parameter, and x; is a number defining a fraction of this
parameter. In the definition of structure factor (scattering power of a unit cell) the same
provisions apply as in the atomic scattering factor.
Equation 3.32

In Equation 3.32 §2(r) is a single function (distribution function), whose Fourier com-
ponents are 2. These are related to each other by the Fourier reciprocity theorem.
Equation 3.36

Equation 3.36 is analogous to equation 3.22.

Equation 3.38

Again, equation 3.38 states that the structure factor FO is the sum of individual scat-
tering powers of atoms, each of which is multiplied by a phase factor. Particular note
should be taken of the remarks following this equation.

Equation 3.44

For a unit cell with large or appreciable anomalous dispersion, the expression for F

(not FO as in equation 3.38) is
F = kaeiswk,
k
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where f}, is the scattering power for the kth atom and is given by the expression

o= ) @rg e

j

Equation 3.31 is the same expression without the superscript k.

Equation 3.45

When the distance R is large compared with the crystal dimensions, the waves arriv-
ing at the observation point are “plane.” The “plane-wave approximation” does not, ob-
viously, hold for very small R. In the way the phase factor ¢'S"AL comes in the expres-
sion, the inherent assumption is that various unit cells in this crystallite radiate with the
same strength aside from the geometrical phase factor. No absorption or other dynamical
effects are included. ’

Equation 3.47
In equation 3.46 the first of the three summations on the right is
N1-1 Ni-1 ise
1= : . A |
E eles'al = E : eles'al i
elS'al _ 1
L1=0 L1=0
N1-1

Z [ei(L1+1)s'al _.eiLls°a1:|

L1=0

eis'al _ 1
eile'al _ 1
eis-al -1 :
Thus the product of the three summations follows as given in equation 3.47, with the sum-

mation index being i = 1, 2, 3.

Equation 3.49

All three Laue conditions should be satisfied simultaneously.

Equation 3.52

Equation 3.52 states that when the Laue equation is satisfied the quantity Fg (struc-
ture factor for s = sg) can be defined as

AITITSSYIIND
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Fy = E :fkeianH"k.
k

Note how this equation may be evaluated for various crystal structures to give usable ex-
pressions for structure factor; see, for example, Azaroff [1] and Cullity [6].

Middle of Page 101 to Middle of Page 102

For future convenience let us correct the assumed variation in the angle 20 by writing
20 + 2¢ (rather than 20 + ¢) so that the angle of incidence will change to 8 + €. Then
let us substitute 2e¢ for ¢ everywhere. Equation 3.56 becomes

/A2 2D2c0s2
Ig(e) =~ I|Fy|2N2el-mA2)4e2D3c0s0p

and equation 3.57 becomes

©) . /log2 A
1/2 m 2Dcosfp

There is in principle no difference between this and equation 3.57.

Page 102: Discussion of Absorption Processes

Distinction is made here between photoelectric absorption and extinction. Our ex-
planatory note above on equation 3.45 pointed out that absorption effects are not included
in that equation.

Page 102: Primary and Secondary Extinction

It is perhaps appropriate at this point to discuss the relationship between the half
width of the rocking curve and the concept of extinction.

A brief explanation of primary and secondary extinction is given by Zachariasen in
Chapter 4. Here, for definition alone, we choose the Darwin model of the crystal: The
bulk crystal is composed of small crystallite blocks, each block oriented at a small (mis-
orientation) angle with respect to its neighbors. Both the block size and the misorienta-
tion angles may be assumed to follow smooth, normal distribution functions. The line
shape (diffraction pattern) for each block may be assumed to have the form derived in
equation 3.54.

Absorption in a perfect crystallite is made up of two distinct processes. Consider
what happens when the crystal is rotated with the respect to the collimated, monochro-
matic beam, toward the Bragg angle 0. At considerable angles outside 0p, the crystal be-
haves like an amorphous absorber and the penetration of the beam into the crystal may be




relatively high. If the linear absorption coefficient is u, the “absorption distance” 1/u may
reach several millimeters. As the Bragg angle is approached, a greater and greater portion
of the incident photons contributes to diffraction, and simultaneously the depth of pene-
tration is rapidly decreased. This rapid reduction of the primary beam during diffraction
in perfect crystals (so-called primary extinction) is due to multiple reflection of the beam
from neighboring planes: At each double reflection the phase of the reflected beam is
180° behind that of the incident beam. Thus it may take no more than a hundred thou-
sand atomic layers before the amplitude of the incident beam dies out. This distance of

NRL REPORT 7556

104 to 10° atomic layers is called the “extinction depth” (see Auleytner [7]).

Consider now what happens when an aggregate of mosaic blocks (a mosaic crystal) is
made to rock around the Bragg angle. The future history of a parallel pencil of x-rays

arriving at the crystal surface is determined by several factors:

If the mosaic blocks were so large compared to the 1/u distance that no significant
radiation could pass through a given block after ordinary absorption, then, by using a small
beam, one should see the same half breadth for the bulk crystal as for the perfect crystal-
lite (beam 1 in Fig. 3 is a qualitative example). If the x-ray beam covered an area con-
sisting of several blocks, the effect of the misorientation between the crystallites should
also be seen in the rocking curve by a multiple peaking, the amount of which may vary

Photoelectric absorption coefficient u
Misorientation angle between the blocks,

Size of the crystallites,

“Natural® half-breadth of the perfect crystallite.

depending on the geometrical divergence of the primary beam.

Fig. 3—Examples of beams incident from the right which are (1) totally diffracted, (2) totally
absorbed, and (3) partiaily absorbed and partially diffracted
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If the absorption distance 1/u is much larger than the average size of a given block,
and if the block size in turn is larger than the extinction distance, then the beam, if not
totally diffracted by a given block, may penetrate farther into the crystal, there to be dif-
fracted by another block of proper orientation. (Beam 2 is an example in which the dif-
fracted beam is totally absorbed.)

Finally, if the absorption distance is much larger than the extinction depth, and if
this in turn is larger than the block size, part of the incident beam (beam 3) will remain
unabsorbed after diffraction by each block, to arrive at lower lying crystallites.

The loss of power of primary beam due to diffraction by crystallites prior to the ar-
rival of a beam at the block under consideration is called secondary extinction.

Equation 3.58: Absorption Coefficient u

Note that u here is the linear absorption coefficient. In some books(such as Jenkins
and DeVries [8]) it stands for the mass absorption coefficient.

Page 103: Comments Following Equation 3.58

The reader should pay particular attention to the comments following equation 3.58
which describe the condition under which the intensity formula 3.48 holds.

Section 7

The program of section 7 is to consider the three methods of obtaining diffraction
lines and to derive an expression for the intensity of a small crystal as a function of appro-
priate variables. Thus an initial parameter €, is chosen which corresponds to the “most
important” variable in each of the three methods. For example in the Laue method this
corresponds to a change in the wavelength in the neighborhood of Bragg \. If a detection
surface is chosen (such as an ionization chamber), then the total power received by the de-
tector is the integral of the intensity (function of ¢ ) over the entire surface of the detec-
tor, where at the same time the variable ¢, covers all possible ranges, hence equation 3.63.
The definition of A at the beginning of the section (equation 3.59) is for the sake of sim-
plicity. The integration of Iy as a function of A may be further simplified if an explicit
form for A can be obtained in terms of €1, €5, and 3. Then the integral takes the form
given in equation 3.67.

The surface element in each of the three methods can be easily evaluated. For ex-
ample, in the Laue method it is obtained by “measuring’ the latitude and longitude
through which ug may vary. Obviously dS is the area of a rectangle on the surface of the
sphere (Fig. 3.4) whose sides are R de 5 and R de 3.
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Derivation of Equation 3.65

Referring to Fig. 3.4, we fix the direction of incidence. Thus ug = ug . Since
A =s - sy, we may write

B
5H=K§(UH‘U]3)
H
and
27T(u ) 27r( B)
§ = — - uy) = — (Uuy - uy).
)\H H 0 7\H H 0

Even though in Fig. 3.4 the directions of ug, u 5 , etc. are shown far apart, we must
remember that their separation is of first order in €4, €9, € 3, which are small quantities.
From equation 3.64 we obtain

1 1 1<1 e1y 1 €1
g Miter M\ ’\ﬁ) N P

Next let us decompose the unit vectors ug, ug , u,‘} along the §et of axes 7y, 79, T3. The
vector ulsq is in the 7,74 plane. Therefore

ug = cos 20 T; + sin 20 7,.
The vector ug is oriented along 7:
uf = 7.
The vector ug has all three components; the 73 component is

Iqu sin € 2Tg = sin € 2T3.

Its projection on the 775 plane is

luglcos eg = cos €g.
Therefore we have

uyg = cos egfcos (20 + €3)]77 + cos egsin (20 + eg3)]7g + sin € 973,
We expand cos (20 + ¢3) and sin (20 + e3) to get

cos (20 + £3) = cos 20 coseg - sin20sineg

~ cos 20 - eg sin 20

JITITSSYTIONN
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and
sin (20 +e3) = sin 20 coseg + cos 20 sine 4
~ sin 20 + € 5 cos 20.
Now
1 2
B B B
s - Sy =27r(uH—u0)[—B - g - g (ug -ug)
NP2 T g
= 5 (Ug-up) - —5 (Ug-ug), (1)
)\g 0 H ()\g)z 0 0

ug - ug =egTg + T1(cos 20 —¢ 5 sin 20) + 7To(sin 20 + e 5 cos 20)
-cos 20 T; - sin 20 74
=¢e9Tg + (T9cos 20 - 71 sin 20)e 5, (2)
uy - ug = e973 *+ T9(cos 20 - €3 sin 20) + To(sin 20 + €5 cos 20) - 74. (3)

Substituting equations 2 and 3 into equation 1, eliminating all powers of €2 etc., we get

2n
s - sy = B [egTe + (T9 cos 20 - 74 sin 20)e 3]
H

2n '

- )12 {e1[71(cos 20 - 1) + 74 sin 20]}
H
or
2meq : 2n
S-S5 = 5F) [71(1 - cos 20) - 74sin 26] + B8 T3%2

B H
2meq ' .
B (19 cos 20 - 74 sin 20),

H

which agrees with equation 3.65 as given in the text, except that in the text the subscript
H has been dropped for convenience, since it is understood that all the equations are written
for the same set of Miller indices represented by H.

Jacobians

The concept of a Jacobian is used whenever a change of variable is necessary in a
multivariable integration. In the simplest case, a change of variable from x to y, say, when
¥y = f(x), is effected in the following way:
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0
dy = 4 dx
ox

Thus, in an integration with respect to x, the differential dx may be changed to dy if it is
rewritten as

d Loy = ¥y
X = = .
dy/ox Y oy 4

When the number of variables is more than one, the Jacobian may be shown to take the
form of a determinant. For example, the three variables y {y, Yo, ¥ 3} may replace
x {xy, xg, x3} by introducing the Jacobian

1 1
0x; Oxg  Oxg

: axl axz 8x3

s = 9(5) -

dv3  dys 93
axl axz 8x3

Consider now a vector function A decomposable along the three coordinates 74, 79,
75. The Jacobian which transforms the coordinates from €4, €9, €3 to py, Pg, P3 (equa-
tion 3.59) can be written in a simple form, with the aid of the rules of expansion of determi-
nants. For this purpose let us consider the derivative of the vector function A(eq, €4, €3) or,
in general, A(x{, x5, x3) as a three-component vector in a rectangular coordinate system:

A _ ié_l_el N aAzez N gA3
x.

]

where A, Ay, Az are the components of A along the unit vectors e, e, €3. Without be-
ing too concerned over the mathematical rigor, we may formally regard

B,
(5
o0,
< ayi)

assuming A can be expressed in terms of both x and y. Because of the implicit relation-
ship between x and y (or g; and p; in our problem) we may furthermore set

()
Jl—
apl-

des
-J/T_A as equivalent to J (—5;%)
Ka &

as “equivalent” to

ITITSSVIIND
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The reader may use the expansion of a three-by-three determinant and prove to himself that

TSN Y
axi axl axz aX3 ’

where in that determinant each row contains the components of the derivatives aA/ax,-.

Now, to evaluate equations 3.68a and 3.68b, remember some simple rules on cross
and dot products:

T X T = 0, T X T9 =Tg3, To X Ti =-Tg3, etc.
il ‘T, < 1, T1°Tg = 0, etc.
To evaluate the Jacobian (0A/de,) * [(0A/dey) X (0A/0¢e3)]:

oA _ _om

[71(1 - cos 20g) - T9sin 20g],

deq 05)?

oA oA
— X — =
0y 03
472

= W(—ﬁ cos 20g - T4 sin 20p),

27 2m .
B 73 X B (T9 cos 20g - 74 sin 20p)
H H

and

oA 0B DA\ _ BT es 20, -1)cos 20, + sin? 20 1
- . —_— = coO - 0OS 11
9c1) \dey ~ oeg) | (aByi (00820 -1)cos2p + sin® 20y

873

b\B—)4 [cos? 205 + sin2 205 - cos 203]
H

16m3

()\_B—)—Z Sll’l2 HB'
H

Equation 3.71

In equation 3.71, V is the unit cell volume, §V is the unit cell volume multiplied by
N{NyN3, and the notation is somewhat misleading.

Equation 3.74

The surface element given by equation 3.74 is the area of the rectangle swept by the
tip of uy, as €5 and € 5 are varied (Fig. 4):
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dS = (R cosypdeg)Rd(p+eg3)
or, because ¢ is a fixed angle,

ds

R cos pd e5Rdeg

R2 cos pd eqdeg.

I

RCos ¥ dez

€

Fig. 4—Geometry pertaining to equation 3.74

Derivation of Equation 3.75

In deriving equation 3.75 we will use the expression for s - sy = A as defined previ-
ously by equation 3.65. However the variable ¢; now refers to the rotation angle from
any ug to ug. This rotation is defined in equation 3.73. Thus, with reference to Fig. 3.5,

ug +e973 X ug = ug + €7 COS XTy

Uo
= cosXTy + €1 COSXTy — Sin XT3,

B _ .

Ug = COs X7y - Sin XT3,

uyg = sin(p+eg)rg + cos (p +eg)cos (Y +eg)7y + sin (Y +e9)79),

ug = sin (p) T3 + cos y[cos Y711 + sin V71al,
27 2\
A =5 -5y = T[(uH—uo) - (uﬁ-ug)] = -)\—(uH—uf}+ug-u0).

Again we expand sin (p + £9) etc. using the approximation of small eg3:

sin(p+eg) sin p + g3 cos ¥,

cos(p+teg) = COsy - €3 siny,

GITITSSYIIND
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cos (Y +€5) = cos Y - €4 sin Y,

sin (Y + €9) sin Y + eq cos Y.

Then

Uy = 73(sing +egcosy) + T1(cos ¢ -¢ 3 sin p)(cos Y ~ g4 sin Y)

+ Ty(cos ¢ - £3 sin p)(sin Y + €9 cos Y)

Tosiny + Tqoeq cosy + T{(COSY cos Y - g9 sin Y cos @ —¢ o sin @ cos
3 3%3 1 2 2 SIny

+ To(cospsin Y - g4 sin  sin ¥ + €9 cos Y cos ).

Rearranging in terms of €, €5, €35, we get

27 2m .
A=s-sy= -y COsXTaeq + Tcos«pez(rz cos ¥ - Tysin )

27
+ 763(—Si1’1 pcos Y1y — sinpsin Y71y + cos p73).

The minus sign in the € term is missing in Zachariasen’s book and needs to be corrected
there.

Derivation of Equation 3.77

Equation 8.77, as derived using equation 3.75, is

98\ [[oA\  (0AN) 2w o ow 2
2%, %, 2% 5 N oS XT2 - cosgsin YTy X N oS ¢T3

(27r>3 o .
T cos X cos® @ sin Y.

In this derivation only those terms in 7., T5, T3 were written out which would give non-
zero contribution to the result of the cross and dot products.

Derivation of Equation 3.79
We know that cos 20 g is the dot product of incident and diffracted unit vectors:
B

ug * ug = cos 20p.

Let us decompose ulg and ug along the three directions 7, 79, T3:
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ulg = (cos X1y - sinX7g)

uj = (sin T + coscos Y1y + cos g sin YTy).

Taking the dot product,

ug . ug = (cos X7y - sin X7g) * (sin p73 + cos v cos Y 7;)

or
cos 20 = cosX cosy cos ¥ - sin x sin ¢.

Two errors exist in the Zachariasen version of this result (equation 3.79).

Equation 3.80

In the powder method, the variable € is associated with the variation in the Bragg in-
cidence angle, that is, the variation between u, and ulg (Fig. 3.6). If all directions of inci-
dence become equally probable, then in the calculation of intensity a required term is the
probability of finding a photon at the glancing angle in the range of g + ¢, and 0p +¢; +
deq as a function of 6. To do this we draw the cone of axis By and semi-apex angle
(m/2) - (0g + €41) (Fig. 5a). Now we change 0 + ¢ to 0 + €; + dey (Fig. 5b), and we
calculate the fraction of photons that arrive at the apex of the cone through the small area
of the circular strip. We find

area of strip = (2ma)rdf = [2nr cos (O +e¢)]rdey

2mr2 cos (O + £1)deq.

The total area is that of the surrounding sphere: 4nr2. The ratio of the two areas deter-
mines the probability w de; (equation 3.80):

Fig. 5b—Circular cone of Fig. 5a plus an
Fig. 5a—Circular cone about the vector By incremented cone

GATITSSYTIINND
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p area of strip 2mr2 cos (0 + €) deq
w € = -
1 area of sphere 47r2

~ %cos Op deq.

This probability factor must be multiplied into the intensity expression according to
equation 3.81. The surface element for the ionization chamber is easily seen to be R deq
Rdey = R2 dejdegy, and equation 3.81 follows.

Derivation of Equation 3.82

Calculation of A follows the same line as in previous sections:
2m
A = Ty - uo) - wB -y =5 - 5y,

Uy = €373 + COS(GB +€2)1'2 + sin(@B +82)Tl,

ug = sin g7y + cos 0Ty,

Uy = -sin(fg +eq1)71 + cos(Og +e1)79,
B _

ug = -sinflg 71 + cosfg 7y,

cos (0p +e9) = cosfOp -sinfpge,,

sin (0g + e9) = sinflg + €4 cos g,

2
A = —)\'T[€3T3 + (COS 03 - SineB€2)72 + (Sin HB + €9 COS@B)TI]

2m . )

+ N [(sinfp + cosfpgey)T; - (cosfp - sinfgeq)ra]
2n . .

+ ~ [-cos OpTg - sin 0Ty - sinfg7Ty + cos Op7y]

2m ) 2n . 2m

= 781(cos OpT1 + sinfpgry) + Tez(cos OpT, - sinfpTy) + 7831’3.

Equation 3.85

As stated by the equation directly above equation 3.85, the intensity expression is
an expression of the form

Sy = IpQ8V,
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where 8V is the volume of the crystal (not the unit cell volume) and Q is an expression
which in the kinematical theory is well defined as soon as the experimental method is
given. In the powder method, there is also the multiplicity factor which takes into ac-
count the contribution due to different atomic planes of the same type. In this connec-
tion it is important to read carefully the paragraphs of section 7. following equation 3.85.

Pages 111 and 112
Paragraphs on pages 111 and 112 contain important information regarding the differ-
ences between dynamical and kinematical theories. A large group of mathematical defini-
tions appears here with that of the direction of n (page 112).
Equation 3.88
In equation 3.88 the vectors Dy and B inside the crystal medium replace Ey and
ko outside. Both these numbers are very nearly the same, that is, Dy ~ EO and ky ~ B
subject to equation 3.89. To solve the problem two conditions must be satisfied: The
first is the boundary condition that at the surface (where n * r = 0)
external incident wave = internal incident wave.
The second condition that must hold is the ‘“self-consistency” of internal waves (incident
and diffracted).
Derivation of Equation 3.90
According to equation 3.89
BO = ko(l + 50)
or
B = B2(1+64)2 ~ RE(1+25,).

Now we set

Dy eiwot-tzﬂﬁ()'r - Eg eicoot—zzﬂko-r.

At the boundary we have

ezwot—z27‘rﬂ'r _ elwot—127rk0'r

or

e-zzﬂﬁ-r - e-127rk0~r.

A3TITSSYTIOND




24 MOHAMMAD FATEMI

When two exponentials are equal, the exponents are equal, to within an additional 27:

Since adding a zero term on the right does not change the equality, this zero term can be
in the form of a dot product with r. Specifically,

Br=k+r + An-r,

where on the surface n * r = 0 and the factor A is necessary to make the equation valid
everywhere else:

ﬂo = ko + An.
Thus outside the crystal we have A = 0.

To obtain equation 3.90, we square the quantity B, obtained above, that is, dot it
into itself:

B2 ~ k2 + 2An - k,.
We had 83 = ka(1 + 28,), so that

RS + 2An +k, = k2 + 26k2

or
2
A = Soko a doko _ 6oko
n kg n-ué Yo
Therefore
kodo

By = k§ + An = k§ + n

Yo
where 7, is the direction cosine of the incident wave:
coso = vy = n-uf.
Equation 3.91

Remember that the product of the electric field and the dielectric constant defines
the displacement vector.
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Equation 3.92

The subscript H refers to a set of Miller indices h;hohg. One may however assign an
“order” number 1, 2, 3, etc. to each set (hyhqhg) or diffracting waves in equation 3.92.
Thus in equation 3.92 H may be a number like 1, 2, etc. rather than a set of three num-
bers. Also notice that the total diffracted wave 9 is the sum of several Dy multiplied by
phase factors.

Middle of Page 113

It is important to keep in mind that we are dealing with a two-wave diffraction (D
and Dy). The interested reader may search the recent literature for three-beam diffraction
studies.

Equations 3.93 and 3.94

The dielectric constant of a crystal lattice is only slightly different from unity. The
difference between the constant and unity is approximately 47, and this quantity is a
function of the periodicity of the lattice.

The factor 47« is a scalar quantity. From optics and electricity-and-magnetism theory
we know, however, that the dielectric constant has both real and imaginary parts and the
imaginary part is related to the linear absorption coefficient. (We will consider more de-
tail on this point later.) We can therefore expand the quantity 47« into a Fourier series:

e~ 1+ 4na =1+ Y,

tp - E wH e-i27rBH'r
H

Remember that By is a vector of the reciprocal lattice and the product By « r is
dimensionless. The subscript H refers to any one of a number of possible sets of three
Miller indices that give rise to diffraction. The components Yy of the Fourier expansion
can be evaluated by the usual method based on the orthogonality of the exponential func-
tions:

where

1 i .
Uy = ;fd/e'zﬂBHrdv

(the summation is over H, the integration is over dv). Thus, every vector By or sy has
assigned to it a subscript H for which a component ¥z may be defined.

AITITSSYTIONN
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Eguation 3.95
To get equation 3.95 from equations 3.41 and 3.42, we note that

2

_ mwg iser
= -3 foce Qj dv
mwg 1 ionB
- i2nBpyer
= - — e dv
e2 dnm f\b
: mw%Vw
e24y 'H
or
= 4me?2
H mw%V H>

where we call the particular F, related to the subscript H, by the symbol Fy; that is Fg
is the value of structure factor F for s = 2nBg.

Equation 3.96

We have
1
n=4fe=/I+y~1+ —2-glx,

where Y is a small quantity (¢ << 1).

The real part of the refractive index is the factor responsible for dispersion (because
n is a function of wavelength). The imaginary part of n leads to a phase shift in scattering
or to true absorption.

Equations 3.97

We had, from equations 3.95 and 3.41

4me? )
Y = 4ma = - Z(1+z,-+m,-)ﬂ,-
i

2

=y + iy,
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where
4d7e?
Y= T2 E (1+£j)‘Qi
0 =
J
and

4me2
rno_
Vo mwgz;mﬂf

J

The expression for index of refraction thus becomes

Lo Syl Z@et =1 Sy iy
n = —y = = iy'") = - i—y".
2 2 2 2

The imaginary part of n is 1/2 ¢,

Equation 3.99

When both p and  are expanded in a Fourier series, we have

u = E “He—i27TBH'I’

H
and
\[/ = E ‘pHe—l.27TBH' r
H
with

1 : .
\bH _‘;_jwelzﬂBH rdv’

This implies

}‘;fw:eiZNBH-rdv

<
m~
]
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and
lp}l{ — _lfwuei27TBH‘r dv.
1%
If
_ 2m v
M }\0 ’
then
21 4me2 1
= _2 "o Q elzTTBH rd
U4 \IJH N MWl V n,f v.
i
With wg = 2m(c/N)
eZ)\O i2nB
= . . H'F
My o2V -]J;Qje dv

Equation 3.100

To obtain the average coefficient, the set of values (hihohg) are set at zero; that is,
the phase factor is 1.
Equation 3.101

The average real index of refraction is 1 + (§/'/2), so that ¥’ = Y, can be obtained
by the same method we used for equation 3.100:

4me2F 47re2

V' = Yo = Vilg-o = "5y Z(1+E, Q; dv

47re?
Z (1+£)Z;,
mwo

where equation 3.42 is used in expressing F;, and where

JQJ dv = Z
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because it simply states that the density of electrons integrated over the entire volume

should give the total number of electrons (of type j).

Equation 3.102

The first sentence of section 9B is important. The more familiar form of equation 3.102

02D

1

which may be rewritten as

(1-Y)E =eE =9.

Derivation of Equation 3.103

Let us write

9 = E Dy eiwot-i27'rﬁH°r
H

Then

(1-y) 9= eiwot <Z DHe—iZWﬂH-r -y Z DL e_izﬂﬁH.r>.
H L

Here H and L are equivalent dummy indices. We expand y in a Fourier series,

Y = Z llfKe—isz'r,
K

and obtain equation 3.103:

(1 - dj)@ = elwot [Z DHe—iZWBHOI’ _ Z Z DL wK e_izﬂ(ﬂL+BK).r:l.
H K

L

ITITSSYIIND
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Derivation of Equation 3.104

Starting with equation 3.103, we have

-
(1 _ w)@ - elwot Z DHe—lz’lTnH-l' _ Z Z DL wKe-IZﬂ(pK+L)‘rjl
| H K L
_ iwot Z Dy 2TBH"T _ Z Z D, tI/H_Le_iznﬁH"}
| H

H-L L

=eiw0t E DHe—ianH'r_ E cHe—iZTrﬂH-rj|,
| H H

where

Z Di¥pyr = Cq.
L

Derivation of Equation 3.105a
From equation 3.104
VX [VvX@-9D =By X [By X (Dy -Cy)l,
and from equation 3.92

- —5 e
cZ 9t2 c2 H c2
H

2
1 9292 w_‘g D iwot-iznyr _ Wo P = k%ED

Therefore,

By X [By X (Dy-Cg)l = kiDy.

Derivation of Equation 3.105b

We have

By X By X Py -Cy)] = By X [(Dy-Cy) X Byl = k2Dy.
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To expand this, we use the rule in vector products that
A X (BXC)=BA-C)-CA-B),
so that

By X [(Dy -Cy) X Byl = Oy -Cy)B% - BylBy * Oy - Cy)l = kGDy

or
- CyBf - BylBy - (D -Cp)] = (kg -B5)Dy.
Now
Ber * Oy -Cq) = By Dy - By Cy = -Bu-Cy
because

BH.DH =0

(which can be seen by dotting both sides of equation 3.105a into ), and we have from
equation 3.104a

By Cy = -By- <Z ‘PH-LDL> s
L

which we insert along with equation 8.104a into our last equation in the preceding section
to obtain

Z [War@By - D)y - Y rBaDL] = (kg - B5)Dy .
L

Middle of Page 116
“Transverse” in the discussion following equation 3.105b means having components
normal to the direction of propagation. Mathematically this is written as Dy * By = 0,

where By is the wave vector. The equation Vv * D = 4mp, where p is the charge dnesity, is
one of Maxwell’s equations. Using this, we get

V- D - v - Z DHeiwot—ianH-r
H

3T3T8SVIINN
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= . iwot-i2nPpyr-r
= By E eiwot-iznByr

H

since applying the operator ( V+) on the vector sum 9 is equivalent to the product By
D7, where By is the “derivative” of the exponent. Thus

-5

Dy * By = Oimplies V- D = 0.

This last equation is good for the oscillating part of the displacement vector, since the
divergence of the static part is not zero.

Derivation of Equation 3.106

To solve the complicated set of equations 3.105, we must use some approximations.
First let us assume that the Laue equations are not satisfied for any bector By ; that is, let
us assume that the x-ray beam arrives at the crystal surface in such a way that the angle
of incidence is not equal to any Bragg angle with a ‘“detectable” diffraction amplitude.
The only component of D is then D,. Others are “relatively” zero; that is, there is only
an incident beam of displacement amplitude D,. With all Dy equal to zero, equation
3.105b will become

Vo(Bo - Do)Bo- VBP0 = (k3 - B3)Do
(because H and L are both zero). However B, * Dy = 0, so that
~YoB3Do = (kG -B5)Do
or
(1-o)B3 = k§
or

kG
1-9y’

=
on
|

which is the first part of equation 3.106. Since ¥ is very small, we may expand this ex-
pression and get

ko ko
Bo = = %k0<1+—\[/>
1- 1 270p
V-9, 1_§¢0

which is the second part of equation 3.106. Remember that 1 + (1/2){/, is the average
refractive index.
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Equation 3.107

To derive equation 3.107, rewrite equation 3.105b in the following way:

Z [WarsBar* DBy - VarrByDL1 = (B3 - 82Dy
L

Since the summation is over L, each M refers to a separate equation.

For M = 0,

Z V.. (Bo* D)o - V_1B2DL = (k2 - B3)D,.
L

Since Dy = 0 unless D; = Dy and Dy, = D, we have
Y_#1(Bo - D)o + Vo(Bo* Dol - V-uBoDH - YoBGDo = (k§ - B5)Do.
We note that By * Dy = 0 and set Y_y = Y to obtain
V(8o DBy - VEBEDH - YoBEDo = (k5 - 6)Do,
which leads to the first of equations 3.107.

For M # 0, the right side of equation 3.105b contains Dj;, which means M = H.
Summing the terms for L = H and L = 0, we get

oBy * DBy - VoBEDy + Vu(By - Do)y - YubEDo = (k§ - BF)Dg.
Again the first term in this expansion is zero (Bg * Dy = 0), so that
V(B * Do)By - VEBED - VoBiDy = (k§ - B3)Dx-

Since Dy is a linear combination of By and Dy, it lies in the same plane as Dy and fp.
Furthermore it was already shown that B * Dy = 0; that is, Byis normal to Dy. Thus

the three vectors By, Dy, Dy are all in one plane and arranged as shown in Fig. 6. The angle

between Dy and By will be designated as x.

Derivation of Equations 3.109

Approximating 6(2) and B?I according to equations 3.108, we get
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Fig. 6—Vectors of equa-
tions 3.107 (all are co-
planar with the page)

kG - BO(L- o) =k - EE(1+250)(1- Vo)

~ k2 - RE(1+260 - Yg)

~ ~k3(280 + Vo)
and similarly

kG - BH(1- o) ~ -k§(20g + Yo).
To get the first equation 3.109, we use the first equation 3.107 to write
ViBo * D)o~ Do - VigB3Dy - Do = -k§(250 + ¥o)D§
or,(remembering B, + Dy = 0)
0 - Yigka(1+260)DyDg sinx = -k2(28, - Yo)D2.

In this equation the right side is a very small quantity, because both 28, and {/, are small;
it therefore makes sense to regard the factor (1 + 28,) as almost equal to 1. Then we get

(260 - wo)DO - wﬁ sin XDH = 0.
Similarly for the second equation 3.109, we begin with the second equation 3.107 and get

(26H—1,[/0)DH - tllH sinxDO = 0.

Equation 3.110

In equation 3.110 a distinction is made between Y and Yz, that is, between the two
components when planes of the form (hkR) and (hk{) are considered. We will later discuss
the conditions under which Yz may be set equal to Y, although in most derivations we
will set the two approximately equal.
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Page 117: Normal and Parallel Polarization

Let us remember the waves are transverse. Moreover, let us note that sin x appears

in the product Yz sin x only. We will set sin X = 1 and assume normal polarization (Fig.

7). When the need arises, we will replace ¥z by Y cos 20 for parallel polarization.

0 BH Bo BH
I
D —
P &
T
X~ 72
{siny =1)
28
26 - ™ BH
>E x:;—ze
H (sin x =cos 28)
%
3

0

Fig. 7—Waves with parallel polarization (left half of figure) and normal polarization (right half of figure)

Derivation of Equations 3.113, 3.114a, and 3.114b

Starting with equation 3.112, we have

By = K& + koSg . 4 By,
Y0

B2 = By By = <k‘6 + Rodop BH> . <k8 + kodoy BH>
Y0 Yo

2 -
k25 k25 280kByy * 0
=k(2)+ 020 ‘*‘BIZJ"'ZUO'I’I 0~0 ooPH
Yo Yo Y0

+ 2krS ° By-
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Irnoring k%&%/’yo in equating the preceding equation and equation 3.108, we get

2 .
nk060 + 260kOBH n

BY = kE(1+26y) = k2 + BE + 2u, - + 2k¢ - By
Yo Yo
= kg + 28yk3
or
2 e .
BH ZkO ¢ BH UO n 2kOBH n
oy = + + 8g + —gig——8
H 2k(2) 2k(2) ’YO 0 2k0’)’0 0
or
— 1 1
6H = 'é + '560,
where

1
o = k—g(B,“’,+zk0-BH)

and, since ug§ * n = v,

BH-n

=1+ .
n- kg

O =t

The quantities 8 and 6y are related to the internal incident wave and the internal dif-
fracted wave. The wave vectors f, and B of the internal incident and diffracted beam

are related to the incident wave vector kj through the pair of equations 3.108. The quan-
tities 8 and 8y are obviously small quantities, so that there is experimentally a very small
difference between the various refractive indices. Equation 3.113 enables us to evaluate

6y as a function of 8, and the wave vector of the incident beam. The quantity & itself
is related through equations 3.108 and 3.106 to Y and thus to the average refractive index
of the medium. From equations 3.113, 3.114a, and 3.114b we see that 8y contains a part
which is approximately equal to §; plus another part «/2 of the same order of magnitude.

Derivation of Equation 3.115

From equation 3.114a and the relation By = kg - kg

n -+ k§
n-(k+kB -kB)y-

Numerically |k§| ~ lk'a3 |, because the wave vector does not change its value by much in
diffraction. Thus
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n- kg kg n- ug Yo
b = = B L —

n-kZ  kfn-uB oy’

Derivation of Equation 3.116
Referring to the Laue diagram in the reciprocal lattice (Fig. 3.2), we can easily write
By = kB - k5.
Substituting this in the expression for a (equation 3.114b), we get
@ = 2 ) + 08)" - 2k - if + 25 - h - 25 K.

The first two terms and the last term cancel out, as they are approximately equal and con-
tain no cosine term. The remainder is

o = k—12 [-2k§ cos 205 + 2k{ cos (6 +6p)] ~ -2cos20p + 2cos (60 +0p).
0

To get rid of cos 205, we rewrite 8 + g as 20 + (0 - 0p) or, in turn, as 20 + Af and
evaluate

cos (20 + AB) = cos 20 cos A0 - sin 20 sin A9
~ cos 20 - (sin 20g)(0 - 0p).
Substituting this in the expression for «, we get

o = 2(sin 205)(0pg - 0).

Derivation of Equation 3.117

The angle between u, and ug is not 0 - 0, as the vectors uy can lie on a cone with
constant 6 but changing the angle between ugy and ug (Fig. 8).

We must resort to some mathematical tricks for the evaluation of the quantity (6 -
0) sin 20 in equation 3.116. We write

Fig. 8—Geometry pertaining to the derivation of equation 3.117
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g + 0 = 20 - (0 -0)
or
cos (g +0) = cos [20g5 - (0 -0)].
Now
cos (20g - (g -0)] = cos 20p cos (0g -0) + sin 205 sin (0p - 6).
If 65 ~ 0, then O - 0 is small, so that
sin (6 -0) ~ 0 - 0.
and
cos(0g -0) ~ 1.
It follows that
cos (0 +0) ~ cos 20p + (sin 205)(0p -0).
First, to evaluate cos (0 + 0), we consider the plane which contains the incident and dif-
fracted beam (Fig. 9). The angle between the diffracted beam at the Bragg angle and the
incident beam slightly off the Bragg angle (the angle between u, and ug) is 0g + 0. Thus,
with reference to Fig. 3.5,
cos(0g +60) = ug - ug = cosxcospcosy + €, cosxcosysiny - sin Y sin .
Next cos 2605 according to equation 3.79 is
cos X cos @ cos Y - sin Y sin .
From these last three relations we see that

(6 -0)sin 20 = €4 cos X cos ¢ sin Y

— 8
Ug U"
B
Uo
8, \95
<
~ /8
~
~
~
~
~

Fig. 9—Geometry of the angle between ug and ug
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as given in equation 8.117—resulting from the “simple consideration’ mentioned in the
sentence prior to the equation but rather tricky.

Derivation of Equation 3.118

Rather than expressing « in terms of 6, we consider A as the independent variable.
So (equation 3.114b),

o = #[Blzi+2k8° By1,
0

where (from equations 3.4 and 3.2)

- (o) ()
Ap Ap A\p Ag,

1 1 1
= 5 + T3 - 233 cos20p.
)\B 7\B )\B
Similarly
1 1 1
k§ + By = - - — .
2 0 E 2— )\0 )\0 + 2 }\0 }\B CcOSs 203
Thus

_y2(2 2 2 2
?\0< }\123 cos 20pg ols + olp cos ZHB>

2( 2 2
?\0[)\123 (1 -cos20p) - X }\B (1- cosz(iB)]

)\0(1 - cos 203)[ <)\1B - —7\1—0>]

= g.)LQ (1 - cos 26 <AQ__)‘B>
Ap Ag

0)

Q

4sin2 0 ("0)\' )‘B>.
B

Equations 3.119 through 3.26

Equation 3.119 is derived using equation 3.113 in equation 3.110, the so-called dis-
persion relation, under the assumption of sin x = 1 (normal polarization).
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Substitution in equation 3.119 in terms of x (amplitude ratio, Dy /D) leads to equa-
tion 3.120. Either in terms of 6, or in terms of x the roots of the quadratic equation are
given in equation 3.121 or equation 3.122. The fact that two 8’s emerge from these equa-
tions implies that two internal incident waves exist. Moreover, for each x there is a ratio
between Dy and Dy. Hence two diffracted waves exist also. It is clear that the values of
these waves should correspond to the values of 84 and §j.

We write the total incident wave inside the medium as a two-component field (primed
and double primed)

. . e. s _;
eiwt-i2mko '[D'()e o1t Db'e l¢2t]’
where ¢, and ¢, arise from equation 3.90 in the following way.

Inside the crystal one should use 8§, rather than kg, which from equation 8.90 is

k
g5 = kg + 2000,
Yo

The additive term in the exponential becomes the multiplier in the form e"i‘plt, e'i‘pZt,
with

ko8y
Y = 2m——,
1 Yo
kodg
Y =271’—~—,
2 Yo
and with
t=n-r.

The quantity n - r defines the vertical distance from the origin to the point of observation.

It is obvious that the diffracted beam has the same form, the only difference being
in the addition of By to k¢ in the numerator and multiplication of x; and x5 (amplitude
ratios) by external amplitudes. (Remember Dy = xDy,.)

Equation 3.127

The question of the boundary condition is rather involved and is broken down into
“Laue” and “Bragg” cases. However, the only additional boundary condition which can
be written down is the equality of amplitudes at n * r = 0 (crystal surface). Here the in-
cident wave outside is E( and that inside is the sum D + Dy, so that Dy + D} = E¢.




NRL REPORT 7556 411
Section 10: First Paragraph

Comments on the sign of b should be read carefully.

Equation 3.129

Substituting ¢ = n * r = 0 in equation 3.125 and setting the quantity equal to 0, we
get 3.128:

x1Dy + x9Dg = 0.
This together with equation 3.127 gives us

X1

X
2 _E§, Dy = - E§.

o=
DO_ Xog =X Xo =X
2= %1 2~ %1

Equations 3.130 and 3.131

The notations [ 3 , I 8 have both an advantage and a disadvantage. First, they are con-
fusing as to which is the transmitted incident and which is the external incident wave. They
are at the same time mnemonically useful: interchanging e and O is like interchanging the
incident and transmitted waves in the Laue case.

The easiest way to remember the symbolism is to think of the ordinary I as the
original beam intensity and of the superscript e as denoting “external” To get equation
3.130, write

—igit ~ipot
Iy _ lxyDge ™ + x,Dpe ipat |2
e|2
Iy E¢]
and
(xgDpe 1t + xzD'(')e"‘pzt)(xlD'oe”‘plt + xoDpe P2y
xlxyz 2 ~ip1t —ipoty, ~ip1t —ipotyk 1 me 2
= [—=—="—| (e - e )e - e )*IEg|
Xo - X
2 i
x1x9(Cy - C3) 2|Ee|2
Xg — Xy 0
where
Cl = e—uplt
and
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In the same fashion equation 3.131 can be derived for the transmitted intensity.

Derivation of Equation 3.133

Equation 3.133 is obtained by working out equation 3.130:

Iy x1%g9(cy - g)| 2
Iy Xg =%y

In deriving equation 3.133, one must remember that the quantity I/l o is real. This means
that the expression inside the vertical lines in equation 8.130 must first be expanded all the
way to separate its real and imaginary parts. That expanded expression is then multiplied
by its complex conjugate.

The quantities x; and x4 are the two roots of the quadratic equation 3.120. From
elementary relations of the quadratic equations we know that if

ax? + bx + ¢ = 0,

then
b
(1 +2p) = -2,
c
X1%¥2 = 4o
and
. . b2 - 4ac
x — = x -— - —
1 2 + a
Here we have
by
X1Xg9 = -
Vi

Hence

2 - p2|¥u|? _ b2yyl?
el = 02| - 2

The quantity xo - x; is the difference between the two roots, and from equation

3.122 we find
) 2./q +22|2 4lg + 22|
|x2—x1| = = 2 -
| 74

1271
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Hence
2 ,2
xyxg(cs -¢9) |2 _ | _b%VpVm 9
" T T 1.0 ley - col
Xg =Xy Vi - 4lg + 22|
_ b2|\l’15{|2 e — o2
4lg + 22| 1-2h
It remains to calculate |¢; - ¢g|2. Be definition
c1 = e—itﬂlto, cy = e‘i‘p2t0’
where
Y Y
¢1 = ZW'M, 802 = 277_0_0,
Yo Yo
in which

5y = T(Wo -2 + Va+a?),
Lo -2 - Va+2?).

Before l¢; - ¢4]2 can be calculated, ¢;_and cy have to be written out explicitly in real and
imaginary parts; that is, z and /g + 22 must be separated into real and imaginary parts,
where we have from equation 3.123

n
b

1-b b
z=—2——xp0+ 5

and we define \/q +22 = v + iw (regardless of the values of g and z). Thus

¢ = e'(i27'rk05'0/’)’0)t0 - e_ia(wo_z+\/m)

(where a = mkyty/vg) or

¢ = ~alYO+iY0-(aretizim)*v+iv]

in which

26 = 1—;—Qw'~+ a

oo

and
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1-b "
Zim < 9 Wo-

We can write

. , . . 1-b .
Vo *+ W0 - (re +izim) * Ut W = Yo - 2 + v+ ’<w6 - Tw’é> T

£+ i<1;b¢6 + w)

with £ = {4 - 2, + v, so that
¢; = eaEel(1/2)(1+0)orw]
Here af and a[(1/2)(1 + b)Yy + w] are real quantities. Similarly
cy = e—ia(tpbﬁx[/'é—z—v—iw),
where
w'o+it,//'6—z—v—[w=ll/'o—z,e—v—izim+ixl/'(')—iw

. " 1"b ”
n+ l<¢o ~ —5 Yo —w>

I

2
+b
=n+i<‘12—l1/6-w>,

with n =y -2,, - v, so that

_ianea[(l/z)(1+b)¢’(')_w] .

02 = e
We evaluate
1+ YO
1+b Ho_ YHEYY -,
Now
leg - egl? = [e_i“ge“(p‘p6+w) - e‘i‘me“(p%—w)l[eiazea(pw’(,“w} - ei""e“(p%_w)]

= o2e(pVorw) o L 20(pVow) _ ia(E-m),2apUh _ ia(n-§) ,2ap Y

" - -
e2ap¢l()(e2aw + e20w _ eza2v _ e—za2u)

=e 2(ﬂokotolﬁ"(’)[(71‘1;'70)/2’)’11]‘1/6(2 cosh 2aw - 2 cos 2av).




We define

where
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2ROV Y THYO) lt0 = oot

2 YHY0 0 270 Y 0

Next we rewrite 2 (cosh 2aw - cos 2av) in terms of sinh? aw and sin? (av). We recall

that

and

so that

or

or

Similarly

and

so that

9 ei29 +e—i29
cos =
2
oif _ g~i0
np = ¢
sin P ,

o210 _ 210 o

L2g - e
sin 4
2i0 -2i0
+
2sin20 = 1 - 6—2—9— = 1 - cos 20
cos20 =1 - 2sin2 9.
26 -20
+
cosh 20 = e €
2
9 _ -0
eV —~¢e
.
sin 5
20 -20
+
sinh20 = &—%— _ 1 =cosh20 -1
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or
2sinh2 6 + 1 = cosh 2.
(Both these relations could have been looked up in the handbook.) Thus

2(cosh 2aw - cos 2av) = 2(2sinh2aw + 1 - 1 + 2sin2 av)

4(sinh2 aw + sin2 av).

Finally

inh2 in2
% _ bzlnglze'”Ot sinh“ aw + sin“ av
0 lg + 22|
with

TR
2\vg YH,

In the fashion in which the quantities b, g, z are defined, it seems as though Y7 is absent.
Closer examination of equation 3.133 shows however that ¢ + 22 contains Vi, so that the
expression is not asymmetric in Y or Yz. As it stands equation 3.133 is quite general;
there are no restrictions such as centrosymmetry of crystal structure, ete. Equation 3.113
has been used, which came about from an approximation of the form 8.108 and implies
that the relationship 8.133 holds when two internal waves exist and the geometry of “near-
diffraction” is satisfied. (An operationally meaningful measurement of diffracted intensity
requires that in the Laue case the intensity should be evaluated at n * r = ty whereas in

the Bragg case it should be evaluated at n - r = 0.)

Page 121: The Bragg Case

In the Bragg case, one assumes that the diffraction takes place toward the face of the
crystal closer to the incident beam. We are not concerned with the situation in which a
mixture of Laue and Bragg could take place, as this implies more than one point in the
reciprocal lattice satisfying the Laue equations and interferes with our original assumption
of two internal waves only. (See page 116, section 9C.) Again using the always-valid
relationship 3.127, we get equations 3.136, which are similar to equations 3.129.

Equation 3.137

The quantity I H/IS for the Bragg case (equation 3.137) is evaluated at n * r = 0,
whereas I§/I§ is evaluated at n * r = ;. Equation 3.137 can be derived with a little more
tedium than was equation 3.133 (but along the same line), because it contains more terms.
This derivation is left out of our notes.
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Although this equation does not contain an explicit absorption factor (e™M0%), this does
not mean that absorption is not present, because absorption is related to the polarizability per
unit volume, whose value imposes a numerical condition on Yy and Y. In particular, as
stated at the end of the second note that follows, zero absorption means Yy¥g = ¥ il2.

Page 122: Last Paragraph

Figure 10 may clarify the geometry of incident and diffracted beams in the evaluation
of the integrated power ratio. It is clear that the assumption

Sy _ 1

So ol

holds only for small depths of penetration. An expression could be worked out for the
ratio Sp;/Sy as a function of depth of penetration. This, however, would be irrelevant to
the present problem, because in most cases the beam size is indeed large enough compared
to the penetration depth to satisfy the above relationship, and if the penetration depth
were large, the relations Py = ISy and Py = I3Sy would not hold true, as the intensity
would not be uniform across the beam (due to absorption), and both relations should then
be replaced by some sort of volume integrals rather than simple linear products. Note

also that the only case in which the cross-section areas of the incident and diffracted beam
are equal occurs when the diffracting planes are parallel to the surface of the crystal.

(a) (b)

Fig. 10—Geometry of incident and diffracted beams in the evaluation of the integrated power ratio for
the Bragg case: (a) Large depth of penetration and (b) Small depth of penetration
Page 123: First Paragraph of Section 11

Remember that uo was obtained from equation 3.100 and depends on the imaginary
part of the polarizability per unit volume. Therefore

w” = 0’ o = 1 + lpl.

Furthermore the Fourier coefficients are not necessarily real, but they must satisfy the con-
dition that inverting the indices H does not change the value of Yy (see equation 3.94):

GITITCSYTIOND
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2By T  -i2nBger 2i2mBH T

or

Therefore 1

llfHSl’;} = lllellﬁ = |\1/H|2-

Page 123: Power Ratio in the Laue Case; Derivation of Equation 3.142
With zero absorption equation 3.183 becomes

Iy sin? (av)
e = T .3 b2|Y 2.
Iy lg +22|

We convert [Yy| to K|Yyl, where K is the polarization factor (1 or cos 20). With q =
blYyI|2K2 and v = \/q + 22 we have

2
2 2K2 ain2 __°
L PPlmIPK?sin (a\/l;llplel/l + b|¢H|2K2>
e 22 ;
0 2 21 + —2°

which from the relation Py /Py = (1/|b])(Ig/Iy) becomes equation 3.142, in which (defini-
tions 3.140 and 3.141)

1
p e o i 5 [(1=b)Wg + bal
— a , —3 —4 -
H YT Jolig PR Sl gl

From the form of equation 3.142 the variable y is dimensionless. It is related to «
through the definition 3.141. However do not confuse this o with the « (polarizability)
as defined in equation 3.93! The dimensionless variable y has a particular advantage over |
the other variables (8, A, €;) in that it makes the calculations “coordinate independent.”
Once the results are obtained for y, they can be easily rewritten for other variables.

Page 124

In the Bragg case it is necessary to check whether+/q + 22 is positive or negative,
because, b < 0. The separate solutions are derived in equations 3.143 and 3.144. Note the
remark directly under equation 3.144.

A particular elegance of the use of the y scale is that it makes the diffraction pattermns
symmetrical (since changing y to -y does not change the form of equations 3.142 through
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3.144. On the other hand the center of the diffraction pattern, y = 0, does not necessarily
corresond to 05 but to 6 or A\ as defined below. With reference to equation 3.123

or
1 -y = -ba.
From equation 3.116 we have

(1-b)o = ~ba = 2b(8 - 0p) sin 205,

Therefore
_ (A-bYo
% =% * Spem 20p
Similarly from equation 3.118 we have
(1-b)yy = -4b >‘°}\‘ AB in2 05
or
_ Ap(1-b)
N = A8 - Yy g 05 Vo-

Obviously 8, = 85 and Ay = Ag only when b = +1. The center of diffraction pattern
corresponds to the Bragg angle only in the symmetrical Laue case. This is not true
for any other geometry.

Page 124: Last Two Sentences

See equations 3.95, 3.100, and 3.101. Remember that 1[/6 is zero (no absorption), so
that Y is completely real.

Yo = Yo + Vg

Derivation of Equation 3.146a

From equation 3.131

I

£

Iy

xgcy - %169 -

X2Cy -x102<x201 '95102>’l=
X2 -%1 X9 =%

X9 -X3

FTINN

¢
3V
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Previously we had

Iy sin? av
= = b2lygl? 57 -
Io lg + 24|

Here the denominator is obtained the same way as before

4lq + 22|

ey —xq12 = ——— .
VK

The numerator is

2 2 * *
Xy * xg - x1x9(cicg + c3¢q)

lxge; - x1cql?

%2 + x2 - xyxn[ef¥2791) 4 JP192)],

This factorization is possible because x = x* with no absorption. Note that the ¢’s are
real; if they were imaginary or complex the above step would have to be done more care-
fully! Thus

— 2 2
|x2C1 - x102|2 = X1 + Xo -~ 2x1x2 COS [((,02 —tpl)t()],

where
2kt '
00(51 51) 2 (5" 51 )’

in which a was defined in equation 3.134. With

5'6-8'0=\/q+—z25v

(p2 - v1)ty

we get for the numerator

x% + x% + 2x1x9 =~ 2x1%9 - 2Xx,X9 cOs 2av

numerator

= lx; —x9|2 + 2x x9(1 - cos 2av)

= |y +x9]2 - 4b 17:4] sin2 av.
Vi
Observing the expressions above for I/I§ and I0/I¢, we have
L _,_ 1y
I b I

or
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or

P¢ = P + Py.

Page 125: Bottom Paragraph

See equations 3.116 and 3.118.

Equations 3.147 through 3.149

In the four relations 3.147 the ratio Pg/Pg should first be expressed in terms of the
variable with respect to which the integral is calculated. For the variable y this quantity is
already worked out as equations 3.142 through 3.144. It is therefore necessary to trans-
form the integrals for the other three variables. To avoid the difficulty of the precise defi-
nition of domain of integration, we conveniently extend the limits to (-oo, +o0). Then the
integration can be performed by multiplying each integrand by the partial derivative of the
variable considered with respect to y: For example, df = (06/ dy)dy, etc., where 00/0y is
then a constant and comes out of the integral sign (the relationship between all these vari-
ables is linear). In this fashion equation 3.148 leads to 3.149. Once again we see that
only RY; is essential for any calculation.

Page 126: Diffraction in Thick Crystals

The power ratio 3.142 in the Laue case shows an oscillating nature that becomes more
and more pronounced with increasing A. An uncertainty in the thickness equal to 103 cm
or in A equal to 7/2 justifies the substitution of the sin? term by its average value 1/2.

We arrive at this uncertainty through the following estimate. We have from equation 3.140

to
A = WkoKlei——
YoYH
or
Atg
DA = mkoKlYy| ———.
YoTH
For AA = m/2
s Atg
"2" ~ WkonHI ’_1_ .
Since
4dmelF
wH - ..__—H

3
mon
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with
e = 4.8 X 10710 ggy,
ko = 1019,
Fy = 10o0r 20,
V ~ (34)3 ~ 30 X 10-24 cm3,
m = 91X 10727 g,
this gives

Aty =~ 1073 cm.

Equation 3.151

The half-width value is determined easily on 6 and A scales by the same method as
equation 3.149.

Equations 3.152

The evaluation of RY; = 7/2 and other R values as in equations 3.152 are the easiest
for the Laue case with no absorption. These again are straightforward and will not be ex-
plained here.

Equation 3.153

The average polarization factor is the value customarily used in a simple diffraction
experiment. However it should not be assumed that this value holds for various geomet-
rical arrangements, as encountered for example in the double-crystal spectrometer.

Equation 3.154

In Equation 8.144,/1 -~ y2 is physically meaningful when |y| < 1. Hence, as A in-
creases, the ratio Py /P, approaches unity, because both the numerator and the denomina-
tor contain sinh2 A\/1 = y2Z. For very thick crystals it follows

-l;)ﬂ=1when byl <1 and A >> 1.
0

We had previously (last paragraph on page 122)

Py _ 11y

Py bl I§
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or
Im _ ) - ﬂ’=_1& with b <0
I YH TH
or

IH'YH + 7018 = 09

which shows that the (algebraic) sum of inward and outward flux equals zero (total reflec-
tion). This holds for the range ly| < 1.

Derivation of Equation 3.155

Equation 3.155 is the result of evaluating the average Py /P for thick crystals when
lyl] > 1. We begin with the expression for Py /P, given by equation 3.143:

Py sin2 AVy?2 -1

Py y2 -1+sin2 A/yZ -1
This can be rewritten

sin2 AVy2 -1 y2 -1+ (sin2 AVy2-1)-(y2-1)
y2 -1 +5sin2 A/yZ -1 y2 -1 +sin2 A\/y2 -1
y2-1

y2-1+sin2 A\/yZ -1

For large A therefore we need to average the second part only. We are interested in
an integral of the form

i -

8A M y2 -1 +sin2 A\/y2-1

where 8A is chosen such that the integral goes between maximum and minimum. Without
setting the limits of integration and specifying the value of 6A more exactly, we evaluate
the indefinite integral. We let

y2 -1 = x2, x > 0.

Thus

GATITSSYIANN
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1 (v2 -1)dA _y2-1 f dA
84 ] y2 _1+5in2 A\/y2-1 8A x2 +sin2 Ax

1y2-1 d(Ax)
x 8A x2 +sin2 Ax

y2-1 f dz
x6A x2 +sin2z °

From a table of integrals

f——daﬁ— =——S-ign—a~rctan a+btanbx
a+bsin2 x ,/(a+b)aa l/ a

or

f dz = ! arctan( ﬁ—1—'canz
x2 +sin2 z Va2 + 1)x2 l/ x2

The limits of integration were set at A; and A; + 6A. After multiplication by x and re-
defining the variable, the limits are A;x and (4; + 6A)x. Hence

f dz = ! { ta ]/x2+1t (A, +8A )}

2+
- arctan ( X 2 1tanA1x>:”.
x

Since the value of A, is uncertain by an appreciable amount (~n/2), we choose A;x in
such a way that tan A;x = 0. The value of the second of the two terms in the braces is
then 0. For the first term in the braces we should evaluate tan (4; + 8A;)x. Since tan
Aix =0, tan (A; + 6A;)x = tan (0Ax). The value of this quantity depends (for each x
in the problem) on the value 64;. We choose the smallest value in terms of x that makes
the quantity tan (6A4,x) a maximum (we do not care for other values of §4;). So we
must have A x = 7/2 or 8A; = 7/2x. This is the value of 64, that gives the average of
the integral, which should be evaluated between the limits A; and A; + §A4;. Reinserting
the multiplier (y2 - 1)/x8A that was in front of the integral, we get

y2-1 7/2 1 __y2-l -1 V¥R-) 1
® T x2x241) V2D VE2-IpZ VP ¥’

The complete expression for equation 3.155 is now
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1 A1+8A7 P
iH = - 1 -v2
54, P, dA 1 1-y4,

A1

The relationship §A; = 7/2x implies that for small x, that is, y ~ 1, 64; can be many
times /2. However as x, and therefore y, increases, up to x = 1, the value of A, ap-
proaches m/2. For very large x or y, sensitivity in §A decreases to a fraction of 7. It is
therefore important to indicate the range of applicability of these results. Conclusions
drawn from equation 3.148 are left up to the reader.

Top of Page 129

To evaluate R};, we integrate

Other expressions in equations 3.156 follow the same way as for equations 3.152. Note
that

RY; (Bragg) = 2R} (Laue).

The reader may be able to give a simple plausibility argument for this.

Page 129, Thin Crystals

For the very thin crystal, with A very small, one of two things may occur. In the
equation

Py sin2 AVy2 +1

Py VyZ+1

either y is small, in which case the numerator is much smaller than the unity and the ratio
P /Py is negligible, or y is large, in which case y2 + 1 ~ y2 and equation 3.157 follows.
The same reasoning applies to equations 3.143 and 3.144.

Comments Following Equation 3.159

The comments following equation 3.159 should be read in the light of our redefinition
of half-width according our note pertaining to the middle of page 101. When D is small
(so that the entire crystal plate contributes to diffraction), we may see that the definition
D =t (sin 0p)/lyg! is physically reasonable (Fig. 11).
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AL LN

{a) (b)

- 1, —

Fig. 11—Diffraction geometries for thin crystals: (a) Bragg case: D =¢q and (b) Laue case:

D=tptanfp

Equation 3.160

It may be seen that the total reflecting power for a ‘““thin’ crystal is a linear function

of A, whereas for the thick-crystal there is no A dependence.

Equation 3.161

We write

kot
A = =22 /Bl 1Yyl = ay/TB] Yy,

Yo
K = 1 or cos 20,
4ne?Fy
= -
Vi mwiv’
and
Ame2 F N2 1 e2
= m— 2 _e——— 2
Y m(2mc)2V Vhl 72 (mc2)2Vv2 Frl*.
Therefore, from the last of equations 3.160,
oA o _TAWHIEN - 72kotoy/TTK2 Yy 2\
H~™ ; = -
V16| 2sin2 65 v/ 1b] 2(sin2 65)v,

which becomes after taking the mean for normal and parallel polarization

A 712t0<1+cos2 293> |[Fgr1224 <e2 )2
RH =

Yo 2 2(sin2 0 5)A2 \ mc2V
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t
=a—£.
Yo

In taking the mean we have written

SE K] = 2 (1+ cos? 2055).

Page 131: Top of Page

The paragraph portion at the top of page 131 contains some very important remarks
regarding kinematical and dynamical theories.

Page 131: Crystals of Intermediate Thickness

Setting y = 0 in the Laue expression (sin2 A \/1 + y2)/(1 + y2) (for the center of the
diffraction pattern), we see that the value of sin2 A increases to 1 as A = 7/2. Thereafter,
it oscillates between 0 and 1. Away from the center, that is, for y # 0, the Laue expres-
sion is an oscillating function of A. for every y in the problem, the higher values of A
lead to faster and faster oscillations; that is, the interference fringes squeeze together with
increasing A.

Equation 3.162 Through 3.166

It is easier to develop a manageable expression for the total integrated intensity than
for the power ratio. A familiar mathematical tool is used here: To evaluate a function
f(x) it may be convenient to first differentiate the function, expand the derivative in a
Taylor or some other infinite series, and then reintegrate. A variation of this trick is used
in deriving equation 3.165: Since we observe from equation 3.163 the similarity with the
Bessel integral, differentiate equation 3.163, express the result in the Bessel function
Jo(p), and again integrate.

Equation 3.166 verifies the previous results that for the Laue (as well as the Bragg)
case, small A implies R%I = A, and for the Laue case alone, with very large A, R}'{ =
/2.

Page 133: Bragg Case

For the range y < 1 see equation 3.154. Again, working out the integral 3.167 for
RY,, we find the numerical estimates for large and small A in agreement with previously
derived equations.
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Equation 3.169

The definition 3.169 is the same as the definition 3.140. A “‘strong” reflection means
relatively large Fiy or Y. Substituting appropriate numbers for Fy (calcite etc.), we get
A = 1.7 X 103 Kto/\/79Vg, whereas for smaller F;; we would find smaller A. The as-
sumption that

Ktg
A=17X103——2_ < 04
YoYH
implies
Kt
0 04—t _ ~ 02x10° = 2X 104,

Vrorn | 17X 108

Thus the ‘“‘effective linear dimension” increases with decreasing A. The relationship 3.169
controls the range of applicability of the thin crystal formula for strong and weak reflec-
tions.

Equations 3.170

By d/}_j we mean ‘VH with “minus H,” that is, with reversed Miller indices.

Equation 3.172

See equation 3.98.

Equation 3.147

In equation 3.174 the factor /2 is the same as 6 as shown by equations 3.90,
3.106, and 3.108. Also note the misprint: the bracket in the exponent should be dotted
into r.

Equations 3.177
Both Fourier components of {/' and ¢" are in general complex. We had previously

set the quantities |Y12, |Y512, and |y Y] equal to each other. Here however we must
resolve them into real and imaginary parts. For example

Wi +ivgl? = (Vg + i) (Vg - ivy)

Wyl? + Wyl? - ibgye + gy

Vi

Now
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WVE + (WpYE)" = 2Re (WpvE)-

We have
Ve = (U, + V)" = Vg, - Vg VE = Vgt iV
and
Re (i Vi) = Re [i(Vy, -1V (W, +iVE)]
= Y, ¥E, - V;VE,
Finally

Wgl2 = Wyl?2 + Wyl2 + 20 ¥E, - Vu, Vel

Equations 3.179 and 3.180

The assumption of equality of the three expressions 3.177 is purely a matter of con-
venience. However it is clear also that for crystals without centrosymmetry the calculation
would become quite involved. From now on we assume that the Fourier components Vi
and Yy are real, and for each set of Miller indices we set

n
k= YA,
YH
where in general ¥}; is much less than Yy (due to the small anomalous part of polariza-
bility). Equations 3.180 follow from equations 3.177:

g2 = Wil =~ Yyl2.

Equations 3.181

The definitions 3.181 follow the same pattern as equation 3.141. One difference is
in the factor ¥, which is now explicitly written out as

Yo = Yo * ivp.

The factor |{g| in the denominator is now rewritten as |y ). The expression for y in
equation 3.141 is now replaced by two expressions: y as before and g (absorption term).

Equation 3.182

To obtain v/q + 22 (equation 3.182), we substitute ¢ and 22 from equation 3.123.
Equations 3.180 should be used in evaluating ¢, and equations 3.181 should be used in
evaluating z2.
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Derivation of Equation 3.183

Within equation 3.182

Vit - 1/1+yz)<1+ 2""),@\/(?:7<1+ )

1+y2 1+y2

Therefore the real part isv/'1 + y2, and the imaginary part isik/+/1 + ¥2. This in equa-
tion 3.182 gives, using the third definition 3.181,

av = aKlw’Hl\/mRe[\/1+y2 <1+ i )] = AV1+y2

1+y2
and

KA

aw _———,
V1i+y2
Also, ignoring k, we have

lg +22] = 2 +w2| ~ KZ[Y}|2(1 + y2).

 Comments Following Equation 3.184
|Y| is the factor appearing in A; Yy and () appear in the absorption term. If Yo
<< Yy, then

Folo o 4
o

Equation 3.185 is the approximation for large A, and equation 3.186 is that for small
A(<0.4). Equation 3.186 is readily integrated whereas one must resort to more elaborate
numerical techniques in calculating R%’I for larger kA.

Derivation of Equation 3.188

We first write by definition

n , k t n
oA = 2 VH gg|yh| = o)yt TRt g Vol
Yy Yol

t n t n t

- 27Tk0¢’6_0 Nfﬁﬂ — Holo Nflllfil - Holo

Yo |ll/0| Yo |¢/0| Yo

With this definition equation 3.185 becomes
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1 _uotolro - KA 1 -uotolvoll-€/V1+yD)]
- 1 + 2sinh?2 ~ H0t0/Y0 y

To see this, we write

KA X _ o-x)2 2% + o=2x _
Gnh? — 2 = gnh2g = €T eF e -l
\/]_+y2 2 4

If we set x = 3, then e2* = ¢6 ~ 400 and e~2* = 0.0025 and can be neglected; hence we
have

sinh?2 ————= = %ezKA/” 1+y2, for x > 3,
to one part in 400. Thus equation 3.188 follows.

Page 140: Top Two Lines

To evaluate the half-width w, , we proceed as previously, by setting the maximum
value of equation 3.188 equal to twice the value at W, =Yy

1 -wotorvoi-(e/v/1+yD) = 1 1 uotorvo)i-e)
4(1 +y2) 2 4 :

Taking logarithms of both sides, we obtain

eot
log(1+y2) + log2 + —00 __ #ofo _ _polo , Hofo,
Yo/1+92 Y0 Yo Yo

This equation, after simplification, is seen to be satisfied for y between 0 and 1. In fact
when 2kA = uoto/vo is very large, the equation holds for y very near zero. It is then
reasonable to assume that

4
log (1+y2) ~ y2 + (-12—)

by expansion around y = 0. Then we have

2kA
-y2 + log 2 + ———— =~ 2kA.

Jiis?

We now expand

SYTONN

“m
bom
-
Ll
rm
e
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Hence
y2
-y2 + log2 + 2¢A(1 - Y ~ 2kA
or
¥2 (1 +kA) = +log 2
or
log 2
2 = 8“2
Y KA+1°
Thus

w. = log 2
y K|A +1°

The next statement that ““as [k|4 decreases to zero, w,, increases to 1,” obviously
does not come from the expression just derived, because the latter refers only to an ap-
proximation for large |k|A. It may be seen from equation 3.186 that the half-width at
{k|A = 0 is equal to 1.

Page 140: Bragg Case

The Bragg case is again more difficult than the Laue case. For very thick crystals we
may set sinh aw ~ cosh aw so that equation 3.139 reduces to equation 8.189. (Note that
sin av then oscillates between -1 and +1 and may be ignored.)

Derivation of Equation 3.190
From equation 3.182 we get
lg +22] = K2|yy12Ibl |- (2ik +1) + y2 + 2igy - g2|,

where the minus sign is used for b in the Bragg case. From equations 3.123 and 3.180

q2 = b2 lYuviFl2 = b2|YyI2K2(1 + 2ik|

2] [P 2K2(1 + 4k 2).
Substituting this in equation 3.189 namely,

1Iy _ Py _ blyyI2K2

b1g  P§ lg +22| + |22| + \/(Ig +22] + 222 = q2
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we get

Py 1

P§ L ++I% - (1+4&2)’

where we have set

lg +22] + 22| _
K2|yy|2|bl ’

which is the same as the definition for L given by equation 3.190a, because

lg +22| = K2|YyI2IblV(-1+y2% - g2)2 + A(yg - «)?

Then

Py _ L- VL2 - (1-4x%) L - VL2 - (1+4k?)

Py L2 - (L2 -1-4x?) 1+ 42

Here we multiplied both the numerator and the denominator by L - VL2 - (1 + 4x2).
Since 4k2 << 1, we ignore it in the denominator and obtain equation 3.190.

Page 141: The Darwin Solution

The assumptions of the Darwin solution are stated in the subsection beginning on page

141. Here M =L if g = 0 and k = 0, or from equation 3.190a

M = jy2 -1} + y2,

Equations 3.192 and 3.193

When ly] < 1, equation 3.192a is obvious, because M = 1. When [y| >1, we write
M = 2y2 - 1, so that from equation 3.191 the expression for Py/P is

2 .1 -V(22-1)2 -1 = 292 - 1 - vyt -4y?
2 -1 - 2lyly2-1
(yl - Vy2-1)2,

In evaluating the integral Ry the expression just derived is integrated in the two regions
—o<y-land +1 <y < +oo whereas for ly| < 1 the value RY; is clearly = 2.

]
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Furthermore since in equation 3.192b the expression for Py /P is an even function of
¥ (changing y to -~y does not change the value of the function), it is necessary to evaluate
only '

2 [ o- VT Dray

¥1
Page 141: Last Paragraph

The lack of symmetry is apparent by changing y to -y.

Equation 3.194

Equation 3.194 can be shown immediately by solving for the root of dL/dy = 0. On
the glancing angle scale we have

1-b,,,, . b
(152 w0l + 3o) "
y = ; = —
NOFTR g

with « as given in our note pertaining to page 124. Therefore (see equation 3.145a)

(& + Dwpi - Ligpviix

|b| sin 205

The quantity |b| is written as an absolute value to make equation 3.194 more universal.
Note that in the Bragg case

1-b _ 1+]p|

2 2

Equations 3.194 and 3.145a are similar except for the k term. The effect of this
term depends on the sign of k. Ordinarily this term would tend to bring the peak of dif-
fraction back to the Bragg position. However the shape would still be unsymmetric unless
k=0.

Top of Page 143

From equation 3.190 we evaluate the intensity maximum (Py/Pg),.x at ¥ = k/g:
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e R
2\2 2
_ 9 _ K% L 2
—|1/<1+g'g2> T T
2 K2
~1+g2- "5 + — +g2

In the transition from the second to the third equality we used the fact that k < g always.
So '

i—H =L -+VI2 - (1-4k2) = 1 + 282 - 2/g2(g2 + 1 -«2).
0

The crude approximation R} ~ (8/3)(1 - 2Igl) is based on the following: When g =

0, RyH = 8/3, so that for very small g one might be able to write for Pg/P, the expression
just derived:

_Illi =1+ 282 - 2|g|2,/1+g2_,<2

Py

~ 1+ 282 - 2lgl [1 + %(gz—xz)]

Q

1 - 2|gl

or

8
Ry ~ 5 (1-2lg).

Pages 144 to 147: Diffraction Pattern for Calcite

The diffraction pattern calculation is quite tedious but straightforward. It is suggested
that the reader become familiar with structure factor calculation techniques, the simplest
of which can be found in Cullity [6] and Azaroff [1]. Otherwise Zachariasen’s three-page
explanation of results is adequate.

Page 147: Double Crystal Diffraction Patterns

In this final section of Chapter III the experimental method of verification of pervious
theory is described. Again we find the explanation quite lucid and leave the derivation
entirely as an additional exercise for the reader.

ITITSSYTIOND




66

MOHAMMAD FATEMI

REFERENCES

L.V. Azaroff, Elements of X-Ray Crystallography, McGraw-Hill, New York, 1968.

L.S. Birks, “Convex Curved Crystal X-Ray Spectrograph,” Rev. Sci. Instr. 41 (No.
8), 1129-1132 (Aug. 1970).

R. Becker and F. Sauter, Electromagnetic Fields and Interactions, Blaisdell Publishing
Co., New York, 1964.

E.M. Pugh and E.W. Pugh, Principles of Electricity and Magnetism, Addison-Wesley,
Reading, Mass., 1960.

W.K.H. Panofsky and M. Phillips, Classical Electricity and Magnetism, 2nd edition,
Addison-Wesley, Reading, Mass., 1962.

B.D. Cullity, Elements of X-Ray Diffraction, Addison-Wesley, Reading, Mass. 1956.

J. Auleytner, X-Ray Methods in the Study of Defects in Single Crystals, Pergamon
Press, New York, 1966.

R. denkins and J.L. de Vries, Practical X-Ray Spectrometry, Springer-Verlag, New
York, 1967 (or 2nd edition, 1969).




Security Classification

DOCUMENT CONTROL DATA-R&D

(Security classilication of title, body of abstract and indexing annotation must be entered when the overall report is classified)

1. ORIGINATING ACTIVITY (Corporate author, 2a, REPORYT SECURITY CLASSIFICATION
P

Naval Research Laboratory Unclassified

2b. GROUP

Washington, D.C. 20375

3. REPORT TITLE

EXPLANATORY NOTES ON W. H. ZACHARIASEN’S “THEORY OF X-RAY
DIFFRACTION IN IDEAL CRYSTALS”

4. DESCRIPTIVE NOTES (Type of report and inclusive dates)

An interim report on the NRL Problem

@

. AUTHORI(S) (First name, middle initial, last name)

Mohammad Fatemi

6. REPORT DATE 7a8. TOTAL NO. OF PAGES 7b. NO. OF REFS
April 19, 1973 73
8a. CONTRACT OR GRANT NO. 9a. ORIGINATOR'S REPORT NUMBER(S)
NRL Problem P04-04
b. PROJECT NO. NRL REPORT 7556
c. 9b. OTHER REPORT NOI(S) (Any other numbers that may be assigned
this report) R
d.

10. DISTRIBUTION STATEMENT

Approved for public release; distribution unlimited

11. SUPPLEMENTARY NOTES 12. SPONSORING MILITARY ACTIVITY

Department of the Navy
Office of Naval Research
Arlington, Virginia 22217

13. ABSTRACT

W. H. Zachariasen’s well-known 1945 book “Theory of X-Ray Diffraction in
Crystals”’ contains many significant and original ideas pertaining to diffraction
theory. However, the discussions and mathematical derivations therein lack the
necessary detail which could make the text useful to readers of diverse mathe-
matical background. The purpose of these notes is to provide additional com-
ments and intermediate derivational steps for Chapter III of this book, “Theory
of X-Ray Diffraction in Ideal Crystals,” whose content has often been referenced
in the published literature.

DD f°f* {473 (PAGE 1)

S/N 0101.807-6801 67 Security Classification

AITITSSVIONN




Security Classification

KEY WORDS

LINK A LINK B

LINK €

ROLE

wT ROLE wT

ROLE

wWT

X-ray diffraction theory
Dynamical and kinematical theories

Zachariasen theory—derivations

Diffracting properties of crystals

DD ."2%.,1473 (sack)

(PAGE 2)

68

Security Classification




